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A. A. I'punsb, A. B. Ky3bmuu

I poonenckuti cocyoapcmeennwiil ynugepcumem um. Auxu Kynanwi, I poono, berapycey

TOYHBIE OHEHKHA YUCJIA TPEJEJBHbBIX HIUKJIOB ABTOHOMHBIX CUCTEM
C TPEMS TOYKAMMH IIOKOSA HA TIJMIOCKOCTH

JUIs aBTOHOMHBIX CHCTEM C TJIaJJKHMU IIPaBBIMH YacTSIMU pacCMaTpUBAeTCs 3a7a4a TOYHON HEJIOKaIbHON OIEHKH YHC-
JIa IPEAETBHBIX IIUKJIOB B OTHOCBSI3HOH 00IaCTH BEIIECTBEHHON ()a30BOH INIOCKOCTH, COAEPIKAIeH TPU MPOCTHIE TOUKH I10-
KOsl C cyMMapHbIM HHJIeKcoM Ilyankape +1. Jliisi penieHus yKa3aHHOW 3a/ad¥l MOCJIEOBATEIBHO CTPOATCS ABE (YHKIMH
Jronaka — Yepkaca, ¢ MOMOIIBIO KOTOPBIX HAXOISATCS 3aMKHYTBIE TPAHCBEPCAIbHBIC KPHBbIC, pa30MBAOIINE OJHOCBA3HYIO
001acTh Ha OIHOCBSI3HBIC, ABYCBSI3HBIC M, BO3MOXXHO, OHY TPEXCBA3HYIO mono0macts. DhdekTHBHOCTE pa3paboTaHHOTO
MO/IX0/1a POAEMOHCTPHPOBAHA HA IPUMEpaX MOJIMHOMHUAIBHBIX cucTeM JIbeHapa, ISl KOTOPBIX J0Ka3aHO CYLIECTBOBAHHUE
B KXJIOH M3 JBYCBA3ZHBIX M0100JaCTEH TOUHO OHOTO MPEACJIBHOTO [IUKJIA, B TPEXCBSI3HON — TOUHO JABYX IpECIbHBIX LU~
KJIOB. YCTaHOBJICHBI KOHQUTI'YPALUH STHX MPEASNIbHbIX MKIIOB. [ToydeHHbIe Pe3yIbTaThl MOTYT ObITh IPUMEHEHBI B Kaye-
CTBEHHOMW Teopuu U Teopuu Oudypranuii 0ObIKHOBEHHBIX (D (EepPEHIINATbHBIX YPABHEHUI, 4 TAK)KE B TEOPHH HEJIMHEIHBIX
KoJIeOaHU.

Kurouesvie cnosa: cuctema JIbenapa, pyukius Jronaka — Uepkaca, 16-s mpoGiiema ['unb6epra, mpeaeabHbIi K.

A. A. Grin, A. V. Kuzmich

Yanka Kupala State University of Grodno, Grodno, Belarus

PRECISE ESTIMATIONS OF LIMIT CYCLES NUMBER OF AUTONOMOUS SYSTEMS
WITH THREE EQUILIBRIUM POINTS IN THE PLANE

For autonomous systems with smooth right sides the problem of precise non-local estimation of the limit cycles number
is considered in a simply-connected domain of a real phase plane containing three equilibrium points with a total Poincaré
index +1. To solve this problem, we are constructing successively two Dulac-Cherkas functions which provide the closed
transversal curves decomposing the simply-connected domain in simply-connected subdomains, doubly-connected subdomains,
and possibly a three-connected subdomain. The efficiency of the developed approach is demonstrated by the examples of
the polynomial Liénard systems, for which it is proved that there exist a limit cycle in each of the doubly-connected sub-
domains and two limit cycles in the three-connected subdomain. We determine the configurations of these limit cycles. The ob-
tained results can be applied in the qualitative theory and in the theory of bifurcations of ordinary differential equations,
as well as in the theory of nonlinear oscillations.

Keywords: Liénard system, Dulac-Cherkas function, 16" Hilbert problem, limit cycle.

H. H. Bopo6neB, A. P. Ky3nenosa

Bumebckuti 2cocyoapcmeennwiti ynusepcumem um. I1. M. Maweposa, Bumebck, benapyco

OB UHIYKTHUBHBIX PEHIETKAX HACBIIIEHHBIX ®OPMAITAM

Bee pacemarpuBaembie rpy bl KoHeuHbl. CuMBosioM £ (G) 0003Ha4ai0T HAMOOIBIITY KO HOPMATIbHY KO p-HUIIBIIOTCHTHY 1O
noxarpymnmny rpymnist G, a cuMBoJioM 71(G) — MHOKECTBO BCEX PA3IHMUYHBIX IPOCTHIX JACNUTENCH nopsiika rpynisl G. OyHKIHH
f: P — {bopmamuu rpymm} comoctaBiustoT kinace rpynn LF (f)=(G | G /Fp (G) € f(p) nns Beex p € n(G)). Ecnmu popmanms
§ TakoBa, uro § = LF (f) 1y HEKOTOPOH (DYHKIHUH f, TO § HA3BIBAIOT HACKHIIICHHON (hOpMALIUEH C JIOKATBHBIM CITY THUKOM f.
Iycts § — Hackimennas gopmanus. Cumsonom § /,§ N I 0603HAYAIOT NONHYIO PEMIETKY BCEX HACHIEHHBIX (opMaluii,
3aKToueHHBIX MeX Ay § N N u §, rae N — krace Bcex HUIBMOTEHTHBIX TPYII. JIJIsi MPON3BOIBHOI MOTHO#M perneTku hopma-
uii © cumBosiom O 0603HAYAETCS MOJHAS PEIIETKA BCEX TaKUX (opMariuii, KOTOpbIe 00JIaa0T JTOKaNIbHbIM O-3HAYHBIM
cyTHHKOM. Cly THHK f Ha3bIBaeTCsi ©-3HAUHbBIM, €CIIH BCE €r0 3HAUCHHUS MpUHa IeKar ©.

I[lycts © — monnas pemerka Gopmanuii. Torna BepxHss TpaHb NPOM3BONBHON COBOKYNHOCTH {§, | i € I} diemeHTOB
u3 ©' obosnauaercs yepes v o (§; |i € I). Pewerka @ naspiBaeTcst MHAYKTHBHOMN (cM. Ckuba A. H. Anre6pa dpopmaunii.
Mumnck: benapyc. naByxka, 1997), ecnu ans nmoboro Habopa {§, = LF (f,) | i € I } hopmanuii §, € ©' u 1715 BCAKOTO TaKo-

ro nabopa { f,| i € I } ©-3HauHBIX CTlyTHUKOB f, TJI€ f, — HEKOTOPBIil BHYTPEHHUT CYyTHUK QOPMAIUU T, UMEET MECTO
Vol (Siliel)=LF(ve(f; |iel)), rane cumBon Vo (f; | i € 1) 06o3HauaeT Takoll CIyTHUK f, 4TO [ (p) ABIACTCS BepXHEil
rpausio qs { f,(p)| i€ 1} 8O, ecin | fi(p) # D, uf(p) =D B npornHom ciydae. B HacTosmei pabore 10Kka3ana cie-
Ayromas iel

Teopewma. Ilycmob § — nacviwgennas popmayus. Tozoa pewemxa § /,§ N N undykmuena.
Kniouesvie crosa: Gpopmanusi, ToHast penieTka GopMaiuii, peneTka HaChIEHHBIX (OPMAaIHii, HHIYKTHBHAS PElIETKA
dhopmanuii.



N. N. Vorob’ev, A. R. Kuznetsova

Vitebsk State University named after P. M. Masherov, Vitebsk, Belarus
ON INDUCTIVE LATTICES OF SATURATED FORMATIONS

All groups considered are finite. The symbol Fp(G) denotes the p-nilpotent radical of a group G; n(G) is the set of primes
dividing the order of G. Let f be a function of the form

f: P — {formations of groups}. (k)

We consider the class of groups LF (f)=(G |G/ F, (G) e f(p) for all p € n(G)). If § is a formation such that§ = LF (/) for
a function fof the form (>¢), then § is said to be saturated and fis said to be a local satellite of §. Let § be a saturated forma-
tion. We write § /,§ N I to denote the lattice of all saturated formations lying between $§ and § N 9, where I is the class of all
nilpotent groups.

Let © be a complete lattice of formations. Then we denote by @' the set of all formations having a local ®-valued satellite.
A satellite f'is called @-valued if all values of f'belong to ®. Let X  § € O be a collection of group. We write @formX
to denote the intersection of all formations of @ containing all groups of X. Let {§, | i € I} be an arbitrary collection of for-
mations in ®. We denote

Ve (S, lie D= @form(UgiJ.

iel

Let {f; |i € 1} be acollection of ®-valued satellites. Then v (f;|i € /) denotes the satellite f'such that

f(p)= ©form [Uﬁ(p)]
iel

foreveryp € P

A complete lattice @ is called inductive (see Skiba A. N. Algebra formacij [4lgebra of Formations]. Minsk, Belaruskaja
navuka Publ., 1997) if for any collection {§,= LF (f,)|i € I }, where f, is an integrated satellite of §, € @/, the following equa-
lity holds: v (Siliel)=LF(ve(f; | iel)).In this paper, we prove the following

Theorem. Let§ be a saturated formation. Then the lattice § /,E N N is inductive.

Keywords: formation, complete lattice of formations, lattice of saturated formations, inductive lattice of formations.

B. C. Myxa

Benopyccruii eocyoapcmeennviii yhugepcumen ungopmamuxu u paouosiekmponuxu, Munck, berapyce

CUMMETPUYHAA AIIIMIPOKCUMALINA BEKTOPHBIX CTATUCTUYECKHNX JAHHbIX
JUHEHHBIMA MHOT'OOBPA3ASIMH

PaccmarpuBaercs 3ana4a IMHEHHON alIpOKCUMAalUU BEKTOPHBIX CTaTUCTUYECKUX JaHHBIX. Kak u3BecTHO, Kilaccuue-
CKasl TMHEeHHast QyHKINS perpeccHy MHHUMHU3UPYET CyMMY KBaJpPaTOB BEPTUKAIBHBIX PACCTOSHUII OT CHCTEMBI TOUEK JI0
ANIPOKCUMUPYIONIEH MIOCKOCTH. B manHO# cTaThe paccMaTpuBaeTCst HHOM MOAXOJ K alIIPOKCUMAIINHU, KOTJIa MUHIMH3HPY-
€TCsI CyMMa KBaApaToB MEPHEHIUKYISAPHBIX PACCTOSTHUN OT CHCTEMBI TOUEK JI0 TUIOCKOCTH. Takas anmmpoKCHManus Ha3BaHa
cummeTpuyHOU. [lomydeHsl GopMyIBl aNMpPOKCHUMUPYIONIUMX JHHEHHBIX MHOTOOOpaswii B TMapaMeTpHUyecKol (opme.
Pemenne 3aga4un BBIMOTHEHO B BEKTOPHO-MAaTpuuHOH (opme. [IprBeaeHbl YnCIEHHBIE TPUMEPHI U UX IpadUUecKue HILTIo-
CTpPAIUH B CPABHEHUHU C U3BECTHBIMU PE3yNbTaTaMH U3 TUTEPATYPhI M KIACCHUECKOT0 INHEHHOTO PErPeCCHOHHOTO aHATH3a.

Kniouesvie crosa: annpokcuManus, BEKTOPHbIE CTATHCTHUECKUE JaHHBIC, JIMHEHHbIE MHOr000pasus, JMHEHHBII pe-
I'PECCUOHHBIN aHAJIN3, KOMITBIOTEPHBIN aHAJIU3 IaHHbBIX.

V. S. Mukha
Belarusian State University of Informatics and Radioelectronics, Minsk, Belarus

SYMMETRIC APPROXIMATION OF VECTOR STATISTICAL DATA BY LINEAR VARIETIES

The problem of the approximation of vector statistical data is considered. As it is known the classical linear regression func-
tion minimizes the sum of squares of the vertical distances from the system of points to the approximating plane. The problem

in this case consists of choos the parameters ¢, ¢, ..., ¢, | of linear function x,, = cg + ¢1X1 +...+ ¢ _1X,,—1 from the condition
n )
2 (X¥mi—Co=ClX1i == Cp1Xp1,;)” —>  min
i=1 €0,C15sCm—1

where x,,;, izljz, are the observations of endogenous component Em of random vector &=(&1,.--,&m) and n is the size of
the sample. In this article, another approach to the approximation is considered when the sum of squares of the perpendicular
distances from the system of points X; = (x1,....xu;) € E™, i =1,n, to the plane x,, =cq + c1x] + ...+ Cpy_1 X1 is minimized.
Such an approximation was called as symmetric approximation of vector statistical data. We solve the problem in more
general form. We look for the linear variety in £ ((m — r)-dimensional plane) in parametric form

X=Cy+t,Cy+...+tp_,Cp_r € E™, 1<r<m, to:l,

where C, C,, ..., C  are the unknown linear independent vectors in E”, ¢,..., t are the scalar real parameters, £ is
the m-dimensional Euclidean space. This variety can be presented in form of vector-vector linear dependence
X, =A+BX .,

where X[ = (Xt 1s X m—r+25-+Xm»)s X,Z,, =(x1,X2,...X—r ), Bisthe (r x (m —r))-matrix. We give the solution in vector-matrix
form and the numerical examples compared with the known results from literature and the classical linear regression analysis.
Keywords: approximation, vector statistical data, linear varieties, linear regression analysis, computer data analysis.
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BBIYUCJIEHUE ®YHKIIMOHAJIBHBIX HHTEI'PAJIOB
C IOMOIIBIO IMTOCJEJIOBATEJIBHOCTEM IITYPMA

Jlannas paboTa KacaeTcs ABYX HAaNpaBICHUH TeOpHH (PYyHKIIMOHAIBHOTO WHTETPUPOBAHUS: NPEJCTABICHUS (U3MUe-
CKMX BEJIWYHUH, B YACTHOCTH SIpa ONepaTopa SBOIIONHH, B BHJE (PyHKIIMOHAIBHBIX HHTETPAJIOB M METONOB BEIUYUCICHHUS
(YHKIIMOHATBHBIX MHTETpasoB. IIpeoskeH HOBBIM METOA NMPHONMKEHHOTO BBIYMCICHUS (QYHKIIHOHATIBHBIX MHTETPAJIOB
10 YCIIOBHOM Mepe BrHepa, KOTOpBIif OCHOBBIBAETCS Ha UCTIONb30BaHUH (hopmynbl Deitnmana — Kara, naromeit mHTErpaib-
HOE TIPE/ICTAaBICHNE JITIS A[pa ONepaTopa SBOIIONNH, U Ha TIPEACTABICHHUH SAPa C TTOMOIIBI0O COOCTBEHHBIX 3HAUCHHUH U CO0-
CTBEHHBIX BEKTOPOB omepartopa. IIpeamaraemerii moaxon 3pGEeKTHBEH MPH BHIUUCICHUN (YHKIMOHAIBHBIX MHTETPAJIOB
MO0 IPOCTPAHCTBY (yHKIIMH, 3aJaHHBIX HA OTPE3KaxX OOJIBIION JUTMHBI.

Kniouesvie ciosa: GpyHKIMOHAIBHBIE HHTErpaibl, hopmyina Pelinmana — Kana, 11po onepaTopa 3BOJIIOLNH, TT0CIIEL0Ba-
tenbHocTh HITypMma.

V. B. Malyutin
Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus
EVALUATION OF FUNCTIONAL INTEGRALS USING STURM SEQUENCES

The present work deals with two directions of the theory of functional integration. The first is the representation of phy-
sical quantities, in particular the evolution operator kernel in the form of functional integrals. The second is concerned with
the methods for calculation of functional integrals. A new method for approximate evaluation of functional integrals with re-
spect the conditional Wiener measure is proposed in this work. This method is based both on the use of the Feynman — Kac
formula giving the integral representation of the evolution operator kernel and on the representation of the kernel using eigen-
values and eigenvectors of operator. The proposed method is effective for calculation of functional integrals over a space of
functions defined on the intervals of large length.

Keywords: functional integrals, Feynman — Kac formula, evolution operator kernel, Sturm sequences.
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MOHOTOHHBIE PASBHOCTHBIE CXEMBbI JIUISI MOJAEJIN LIHOKEHBEPI'

B nacrosmieii paboTe mocTpoeHa KaHOHHYECKass popMa BEKTOPHO-PAa3HOCTHBIX cxeM. J[aHOo ompeneneHne MOHOTOHHO-
CTH TaKHX PA3HOCTHBIX CXEM, CBSI3aHHOE CO CBOMCTBOM IOJIOKHUTEIBHOCTH PA3HOCTHOTO pemieHns. Ha ocHOBe 3TOro onpene-
JICHUSI IOCTPOCHBI MOHOTOHHBIE PA3HOCTHBIE CXeMbI 17151 Mozienu LIIHakeHOepr ¢ rpaHuYHBIMU ycnoBusMu Jupuxie u Heii-
MaHa. DTa MOJEIb MPEACTABISAET COOO MONMyHEIUHEHHYIO PeaKIHOHHO-IU(D]Y3HYIO CHCTEMY U UI'PAeT BAXKHYIO POIIb IIPU
MaTEeMaTHYECKOM MOJICIIUPOBAHUH B 00JIACTAX HU3NUCCKON XUMUHU 1 Orostoruu. [Ipu mOCTpOCHUH MOHOTOHHOU Pa3HOCTHOM
CXEMBI JJIs1 YKa3aHHOM MOJIENTM ¢ TPaHUYHBIM yciioBreM HeliMana OCHOBHas Miest COCTOMT B TOM, YTOOBI UCIIONB30BATH MOJTY-
IeJIbIe Y3716l B IPAHUYHBIX TOUKAX 3alaHUs KPAaeBbIX YCIOBUH BTOporo poaa. IIpencTaBieHbl pe3ynbTaThl BEIYUCIUTEIbHBIX
9KCIIEPUMEHTOB, IMTOATBEPKIAIONNX () (HEKTUBHOCTD IPEIJI0KESHHBIX METOA0B. YHCIeHHOE pelIeHue ojIyYeHo 6e3 Hedusn-
YEeCKHUX OCHMIJLISAIUH.

Karoueswvie cnosa: monens I1InokenOepr, MOHOTOHHAS Pa3HOCTHAS CXEMa.

Vo Thi Kim Tuyen

Belarusian State University, Minsk, Belarus
Hue Industrial College, Hue, Vietnam

MONOTONE DIFFERENCE SCHEMES FOR THE SCHNACKENBERG MODEL

In this article the canonical form of the vector-difference schemes is constructed. The definition of the monotonicity
of difference schemes is given. This definition is related to the positivity property of the difference solution. Based on this
definition, the monotone difference schemes for the Schnakenberg model with the Dirichlet and Neumann boundary
conditions are constructed. This model is a semi-nonlinear reaction-diffusion system, and it plays an important role
in mathematical modeling in the fields of physical chemistry and biology. In constructing a monotone difference scheme
for this model with the Neumann boundary condition, the idea of half-integral nodes at the boundary points under the second-
kind boundary conditions is used. The results of numerical experiments have confirmed the effectiveness of the suggested
methods. The numerical solution without nonphysical oscillation is obtained.

Keywords: Schnackenberg model, monotone difference scheme.
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BE3YCJIOBHO MOHOTOHHBIE PASHOCTHBIE CXEMBbI BTOPOI'O IIOPA KA
AIIITPOKCUMAIIUA HA PABHOMEPHBIX CETKAX JIJI1 TAMMA-YPABHEHUA

B nacrosimeit paboTe paccMOoTpeHa Hada bHO-KpaeBas 3ajada JUIs TaK Ha3bIBaeMoro I'amMma-ypaBHEHHS, KOTOPOE MO-
JKeT OBITh MOyYeHO Mpeodpa3oBaHneM HeluHelHOTo ypaBHeHHs bioka — Illoyn3a st ONIIMOHHON IEHBI B KBa3WJIMHEITHOE
napa®oInvecKoe ypaBHEHHE JIJIs1 BTOPOH IIPON3BOJHOM ONMIIMOHHOI IIEHEI, ¥ MOTYUYEeHbI ABYCTOPOHHUE OLCHKH JUIS €r0 TOU-
Horo pemenus. Ha ocHOBaHMM MPHHIUIA PEryIspH3alUui TOJNydYeHHbIE paHee Pe3yNbTaThl 0000IaoTca Ha TOCTPOCHHUE
6e3yCIIOBHO MOHOTOHHBIX PAa3HOCTHBIX CXeM (IIPHHIMII MAaKCHMyMa BBITIONHEH 0€3 OTpaHMYEHNN Ha COOTHOIICHUS MEXIY
k03¢ GUnreHTaMu 1 TapaMeTPaMu CETKH) BTOPOTO MOPAJIKA IOKAJIbHOM alMpOKCHMAIINU HA PABHOMEPHBIX CETKaX IS JAaH-
HOro ypasHeHHs. C TTOMOIIBbIO Pa3HOCTHOT'O MPUHIIUIA MAKCHMYMa MOTyUeHbI IBYCTOPOHHNE OIIEHKH JAJIsl PAa3HOCTHOTO pe-
HIEHHS MPU NMPOU3BOJIBHBIX HE3HAKOMOCTOSHHBIX BXOAHBIX JaHHBIX 3a7aun. JlokaszaHa anpuopHas oueHka B Hopme C. OT-
METHM, YTO JOKa3aHHBIC ABYCTOPOHHHE OIEHKH Pa3HOCTHOTO PEIICHHs MOJHOCTBIO COMIACOBaHBI ¢ Au(epeHnnaIbHON
3ajayell 1 MaKCHMMajbHOE M MMHHUMAJIbHOE 3HAUCHHs PAa3HOCTHOTO PEIICHHs He 3aBHCAT OT KodduiumenToB nuddysuu
1 KoHBeKIMH. [IpuBeieHHbIe B pab0Te BEIYUCIUTEIIBHBIC IKCIIEPUMEHTBI IO TBEPIKIAI0T TEOPETUYECKHUE BEIBOJIBL.

Kniouesvle cnosa: I'amma-ypaBHeHHe, TPUHIIUI MAKCUMyMa, JBYyCTOPOHHHE OLIEHKH, MOHOTOHHAs PAa3HOCTHAS CXEMA,
KBa3WINHEHHOE TapaboIniecKoe ypaBHEHHE.

Le Minh Hieu

Belarusian State University, Minsk, Belarus
University of Economics — University of Da Nang, Da Nang, Vietnam

UNCONDITIONALLY MONOTONE FINITE DIFFERENCE SCHEME OF THE SECOND-ORDER
APPROXIMATION ON UNIFORM GRIDS FOR THE GAMMA EQUATION

In this article we consider the initial boundary-value problem for the so-called Gamma equation, which can be derived by
transforming the nonlinear Black — Scholes equation for option price into a quasi-linear parabolic equation for the second de-
rivative of option price, and for its exact solution the two-side estimates are obtained. By means of the regularization principle,
the previous results are generalized to construct an unconditionally monotone finite-difference scheme (the maximum prin-
ciple is satisfied without limitations on the relations between the coefficients and the grid parameters) of second-order ap-
proximation on uniform grids for this equation. With the help of the difference maximum principle, the two-side estimates for
a difference solution are obtained using the arbitrary non-sign-constant input data of the problem. The a priori estimate in
the maximum norm C is proved. It is interesting to note that the proven two-side estimates for the difference solution are fully
consistent with the differential problem, and the maximal and minimal values of the difference solution do not depend on
the diffusion and convection coefficients. Computational experiments confirming the theoretical conclusions are given.

Keywords: Gamma equation, maximum principle, two-side estimates, monotone finite-difference scheme, quasi-linear
parabolic equation.
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KPAEBAS 3AJTAYA /UUISI CTEP2KHEBOI'O TEUEHH S B KAHAJIE

B crarpe [1] 1oKa3ano CynecTBOBaHUE PEIIEHUI MOJIENH CTEPHKHEBOTO TEUEHUS HA KAXKJIOM BPEMEHHOM CIIO€ [ = MT,
m=0,1,...,M. B nanHo# paboTe noyry4eHsl allpUOPHBIC OLEHKH dTUX PELICHHH, KOTOPBIE HE 3aBUCAT OT T U HO3BOJISIIOT BbI-
[OJIHUTH IpeAeibHbli nepexos npu t—0.

Kurouesvie cnosa: pa3peminMocCTb, IIPEIeNIEHBIN IEPEX0, allPHOPHBIC OIEHKH, T1aIKOCTh, cpe3aroniast GyHKIIHS.

S. S. Kayanovich
Belarusian State University of Informatics and Radioelectronics, Minsk, Belarus,
BOUNDARY-VALUE PROBLEM FOR PLUG FLOW IN THE CHANNEL

In the article [1], we have proved the existence of solutions for a model of plug flow at each time step ¢ =mt, m=0,1,..., M.
In this article, a priori estimates of these solutions have been obtained, which do not depend on 1 and allow passing to
the limit as T—0.

Keywords: solvability, passage to the limit, a priori estimates, smoothness, cut-off function.
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HUCCIEAOBAHUE TOHKHUX IIJIEHOK Cu,ZnSnSe,
METOJIOM ATOMHO-CHJIOBOA MUKPOCKOIIUH

MeTo10M aTOMHO-CHIIOBOH MHKPOCKOIIMH HCCIIE0BAHO BIMSHHUE THIIA TO/UIOKKH Ha CTPYKTYPY U IIEPOXOBATOCTS I10-
BepxHOCTH 1IeHOK Cu,ZnSnSe,, MOTyYEHHBIX METOIOM CEJIEHU3AMU METATITMIECKUX MPeKypcopoB Cu-Zn-Sn Ha MOLIOK-
Kax M3 CTEeKJIa C IOoAciIoeM MoyinbaeHa W monubaeHoBol ¢onbru (Mo/ctekiio, Mo-gonbra). OGHapyKeHO, YTO IICHKH
Cu,ZnSnSe, na moanoxkax Mo/cTexno u Mo-(osnbra UMEOT ONU3KUE 3HAYEHUS NIEPOXOBATOCTH U 3€PHUCTYIO CTPYKTYPY.
[Tnenku Cu,ZnSnSe, nMeroT G0Nee BHICOKUE 3HAYEHHS MIEPOXOBATOCTH M MAKCUMAJLHON BBICOTHI HEPOBHOCTH MPOQUIL,
4eM MeTallIndeckue npekypcopbl Cu-Zn-Sn. YBenanueHne mepoxoBaToCTH Mpu GpopmupoBanuu miuenok Cu,ZnSnSe, u3 npe-
KYypPCOPOB IIPOUCXOTUT 3a CUET POCTA 3€PEH B MPOLECCEe OTXKHUTA U CEICHU3AINN.

Kniouesvie cnosa: Cu,ZnSnSe,, TOHKHE IUIEHKH, TPEKYPCOPHI, dIEKTPOXUMUYECKOE OCAKICHHE, TUOKHE MOIIOKKH,
aTOMHO-CHJIOBAsi MUKPOCKOTIHS.
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INVESTIGATION OF Cu,ZnSnSe, THIN FILMS BY ATOMIC FORCE MICROSCOPY

In comparison to the traditional use of glass substrates, the thin films onto metal substrates offer improved device co-
oling, economical large-scale roll-to-roll processing, and applicability in lightweight, as well as flexible products. However,
unlike glass, metal foils tend to exhibit rough surfaces. This article studies the substrate-type (Mo/glass and Mo-foil) effect on
the topographic characteristics of the Cu,ZnSnSe, films by atomic force microscopy (AFM). Cu,ZnSnSe, thin films were pre-
pared by the electrodeposition of stack copper/tin/copper/zinc (Cu/Sn/Cu/Zn) precursors, followed by selenization. AFM was
used to study the topographic characteristics of thin films, including grain size, surface roughness, and maximum height of
the profile. It is shown that the films obtained on Mo/glass and Mo-foil substrates have similar roughness and in the both cases
the grain structure is formed. The Cu,ZnSnSe, thin films show relatively high surface roughness and maximum roughness
profile height compared to Cu-Zn-Sn precursors. The increase in the surface roughness of the films was caused by the growth
of grains during annealing and selenization processes.

Keywords: Cu,ZnSnSe,, thin films, precursors, electrochemical deposition, flexible substrate, atomic force microscopy.
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W3MEHEHME JUAJIEKTPUYECKUX CBOMCTB MOHOKPUCTAJIJIOB Cu,ZnSnS,
MOJ AEMCTBUEM SJIEKTPOHHOI'O OBJIYYEHUSA

B unrepsaie remmneparyp 100-300 K Ha gactorax usmepurensHoro moss 10°—10° T mpoBeeHbl HCCIEI0BAHUS JIEK-
TPONPOBOIHOCTH U JIU3JIEKTPHYECKOH MPOHUIIAEMOCTH MOHOKpHCTaIoB Cu,ZnSnS , kak HEOOTyUEHHBIX, TaK U 00JTydeH-
HBIX JIEKTPOHAMH ¢ dHeprueid 4 MoB nozamu 10" u 10" cm 2. TToka3aHo, 4TO aOCOTIOTHBIC 3HAYCHU S H3YYCHHBIX XapaKTEPH-
CTHK BO3pacTaloT NpH yBeaudeHuH Temnepatypbl. Ha kpusbix ¢ = f(T) oOHapyKeHbl y4acTKH C PA3HBIM HaKJIOHOM, YTO
CBHJICTEIBCTBYET O HAJIMYNU HECKOJIBKUX THUIIOB IIPOBOJIMMOCTH B HCCIIIOBAHHBIX ITOJIYNPOBOJHUKAX. BrIsiBiIeHa nucrep-
CHS TUAJICKTPHYECKUX CBOMCTB HCCIICJOBAHHBIX MOHOKPUCTAJIJIOB: C POCTOM YacTOTBI 3HAYCHHS TUIJICKTPUUCCKON IIPOHH-
[[AEMOCTH YMEHBILIAIOTCS, & YACIBHOH JICKTPONPOBOAHOCTH — yBeNn4MuBatoTcss. OOHAPYKEHO CYLIECTBEHHOE BIHSHUE 00-
JIyYeHHsI JJIEKTPOHAMHU Ha 3JIEKTPOIPOBOAHOCTh M AHAIEKTPHUECKYIO IIPOHNUIIAEMOCTh HCCIIEOBAHHBIX MOHOKPHCTAJIIOB.
VBenuueHue 036l 00IY4YCHHS IPUBOAUT K YMEHBUICHHUIO JHAICKTPHUCCKONH MPOHUIIAEMOCTH M 3HAYUTEIBHOMY BO3pacTa-
HHIO JIEKTPOIIPOBOJHOCTH BO BCEil HCCIIEJOBAHHOI 00JIaCTH TEeMIIEpaTyp.

Kniouesvle cnoea: yeTBEepHbBIC TOMYNPOBOJHUKH, IUIEKTPUUECKAs IIPOHUIAEMOCTb, YCIbHAS IEKTPOIPOBOIHOCTD,
9JIEKTPOHHOE 00Ty dYCHHUE, TUCIIEPCHS, HU3KOTEMIICPATy PHBIC HCCIICJOBAHUS.
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CHANGE IN THE Cu,ZnSnS, SINGLE CRYSTALS DIELECTRIC PROPERTIES
INDUCED BY ELECTRON IRRADIATION

The quaternary compound Cu,ZnSnS, was synthesized by the one-temperature method from the elementary components.
Single crystals of Cu,ZnSnS, were grown by chemical gas-transmission. Samples were prepared in the form of plane single-
crystal plates with a size of more than 2x5x0.5 mm. The electrical conductivity and dielectric properties of Cu,ZnSnS, single
crystals are investigated in the temperature range 100-300 K at the measuring field frequencies of 10°~10° Hz. Non-irradiated
samples and those irradiated by electrons with an energy of 4 MeV and doses of 10" and 10" cm™are studied. It is shown that
the absolute values of the studied characteristics increase with temperature. The curves ¢ = f(7) have the areas with different
slopes, which indicates the presence of several types of conduction in the investigated semiconductors. The dispersion of
the dielectric properties of the studied single crystals is revealed: as the frequency is increased, dielectric constant values
decrease and, as electrical conductivity is increased, these values grow. Increasing the radiation decreases dielectric per-
mittivity and causes a significant growth of electrical conductivity in the entire investigated temperature range.

Keywords: quaternary semiconductors, dielectric constant, electrical conductivity, electron irradiation, low-temperature
investigations.
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NUMERICAL AND EXPERIMENTAL STUDY OF HYDRAULIC RESISTANCE
OF TUBES WITH INTERNAL HELICAL FINNING BY DEFORMING CUTTING

An object of investigation is a tube having helical fins on the internal surface and different geometric sizes. Investigation
methods: experiments to obtain quantitative results hydraulic resistance of tubes with internal helical finning and to verify
computational algorithm; numerical simulation to visualize the flow structure in the tube. Studies of hydraulic resistance of
tubes with internal helical finning over a wide range of operating and geometric parameters were made: Re =2-10°...2.5-10°,
under the variation of the angle of swirling a = 14-87°, the relative height of a protrusion 4/d = (25-87,5)-1073, the relative
axial pitch p/d = 0.16—12.73. It is revealed that the hydraulic resistance of tubes with helical finning increases by a factor of 1.1
to 11.7. The numerical simulation results showed that, as the angle of helical swirling is increased, in the near-wall layers
the share of the circumferential velocity component increases and the share of the longitudinal component decreases. And
since the finning height exceeds the boundary layer thickness, the hydraulic resistance grows.

Keywords: turbulence, hydraulic resistance, experiment, numerical simulation, tube, deforming cutting
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YUCJEHHOE U OKCIIEPUMEHTAJIBHOE UCCJEJOBAHUE 'MAPABJIUYECKOI'O
COINNPOTUBJIEHUA TPYS C BHYTPEHHUM CIIMPAJIBHBIM OPEBPEHHUEM,
HAHECEHHBIM METOJIOM JE®OPMUPYIOLEI'O PE3AHUS

B manHoit paboTe 00BbEKTOM HCCIIEA0BAHNS SBISIOTCA TPYOBI C BHYTPEHHHM CITHPATBHBIM OPEOPEHHIEM C PAa3INIHBIMI
TeOMETPHUECKIMH pa3MepaMu. MeTOAbI HCCIIeI0BAHNUS: IKCIEPUMEHT — I TOTYUYCHNS KOINIECTBEHHBIX PE3YJIBTaTOB I10
THAPABINYECKOMY CONPOTUBIEHUIO TPYO ¢ BHYTPEHHNUM CIIUPATBHBIM OpPeOpEHNEM 1 AJIs BEPUPHUKALNN PACUETHOTO aJro-
pHUTMa; YHCIEHHOE MOAEINPOBAHUE — JIJIsl BU3yalU3allMK CTPYKTYPHI TeueHUs B TpyOe. M3yueHo ruapaBianueckoe compo-
THUBJIEHUS TPYO C BHYTPEHHHUM CIIUPAIBHBIM OpeOpEHHEM B MIMPOKOM JHANA30HE PEKUMHBIX U KOHCTPYKTUBHBIX TapamMe-
tpos: Re, = 2:10°...2,5-10°, npu u3MeHeHNHU yIia 3aKpyTKH o = 14-87°, OTHOCHTENLHOMN BHICOTHI BLICTYTOB /i/d = (25-87,5)-1077,
OTHOCHUTEIIFHOTO 11ara no ocu p/d = 0,16—12,73. BeIsBIeHO yBeIHUSHHE THAPABINYECKOI0 COIIPOTUBICHNUS TPYO ¢ BHYTPEH-
HUM CHUpaJIbHBIM opedpenuem ot 1,1 o 11,7 paza. Pe3ynbpraThl IpOBEASHHOr0 YHCICHHOTO MOACIMPOBAHUS ITOKA3JIH, YTO
C YBEJIMYEHUEM yIJIa CIIUPATIbHON 3aKPYTKHU B IPUCTEHOUYHBIX CIIOSAX JI0JIsl OKPY KHOM COCTaBIISIIOIIECH CKOPOCTH yBEIHYUBA-
€TCsl, a JIOJIsSl IPOIOIILHOM COCTABIISIONICH CKOPOCTH yMEHBIIAeTCsl. Tak Kak BHICOTa OPeOPEHHsI IIPEBBINIAET TOIIIUHY I10-
FPAaHUYHOrO CJIOSL, TO B PE3yJIbTAaTe PACTET I'MAPABINYECKOE COIPOTHBIICHUE.

Kuntouesvie cnosa: TypOyIeHTHOCTD, THAPABINIECKOE COMPOTHUBIICHNE, SKCIIEPIMEHT, YHCIICHHOE MOJICIINPOBaHHE, TPY-
6a, MeTo] 1e(hOpMHUPYIOIIEro pe3aHHsL.
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KOMIIBIOTEPHOE MOJEJMPOBAHUE SQOHEPTETUYECKHUX 30H
N OIITUYECKUX TAPAMETPOB JIUXAJIBKOI'EHN 0B OJIOBA

MeronamMy KBaHTOBO-MEXaHHYECKOTO MOJICJINPOBAHUS YCTAaHOBJICHBI 30HHASI CTPYKTYpPa M ONTHYECKHE CBOICTBA 00beMa
U OJIHOTO MOHOMOJIEKYJISIPHOTO CJIOsI INXAIbKOTeHU 0B 01ioBa — SnS,, SnSe, u SnTe,. [lokazano, 4To nepebie 1Ba coenuHe-
HHS B 00bEME ABIISIOTCS HEMPSIMO30HHBIMHE ITONYPOBOTHUKAMH, B TO BpeMs Kak SnTe, — Oecmienesoit monmynpoogauk. [pu
YBEJINYIEHUH MOPSTKOBOTO HOMEpa aTOMa XaJIbKOTeHA PaCCMOTPEHHBIE COSTUHEHNUS IEMOHCTPHPYIOT YBEIHUCHNE TOCTOSTH-
HBIX PEHIeTKN W MEKAaTOMHOTO PACCTOSHHS, a TAKKe YMEHBIIICHNE ITUPUHBI 3alpeIieHHo# 30151 ¢ 2,4 1o 0 3B. [Ipu nepexone
0T 00BEMHOT0 MaTepHasia K OJHOMY MOHOMOJIEKYISIPHOMY CJIOI0 CTPYKTYpPHBIE MapaMeTphl MPAKTHUCCKH HE HU3MEHSIOTCS;
HaOJII0IaeTCs NPONOPIMOHATBHBIA POCT BEJHYMHBI DHEPIETHYECKOTO 3a30pa, B pe3ynbTare 4ero Snle, CTaHOBUTCS y3KO30H-
HBIM TOJYTIPOBOJAHUKOM C MIMPUHOH 3ampemmeHHoi 30Hb1 0,17 3B. U3 nccnenoBaHHBIX coeqnHEHNI HanOolee HHTEPECHBIM
C TOYKH 3PEHHUS MPAKTUYECKOTO UCIIOIL30BAHMS ABJISAETCS TUCENEHU 010Ba SnSe, Gnaroaaps MOAXOAAEN st TpUMeHe-
HUsl B OTOBONBTANKE IIUpPUHE 3anpernieHHoi 30HbI (1,0—1,5 3B) u 3naueHusM koaddurpenta nornomeHus: BOIM3M Kpast
cobcTBeHHOro ToryomieHus 6omnee 10° cm!. Takxke GONBIION HHTEPEC MPEACTABIAIOT TPOHHBIEC PACTBOPHI 3aMEIICHHUS, BAPbH-
POBaHUE XMMHUYECKOI0 COCTaBa KOTOPHIX MO3BOJIAET U3MEHATh B IIUPOKOM JHANa30HE IEKTPOHHYIO CTPYKTYpY U ONTHYE-
CKHE CBOICTBa MaTepUaJIOB.

Kniouesvle cnosa: nUXanbKOTCHH]IBI 0JI0BA, 30HHASI CTPYKTYpa, IIUPHUHA 3aNpeNIeHHON 30HbI, KO3()(GHUIIHMEHT OnTHYe-
CKOT'0 IOIJIOLICHHU I, COJTHEUHBIH 3JIEMEHT.
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COMPUTER SIMULATION OF ENERGETIC BANDS AND OPTICAL PARAMETERS
OF TIN DICHALCOGENIDES

The band structure and optical properties of the bulk and one monolayer of SnS , SnSe,, and SnTe, were established by
means of ab initio theoretical modeling. The first two bulk compounds were found to be indirect gap semiconductors, while
SnTe, behaves like a gapless semiconductor. As the atomic number of chalcogen is increased, the compounds considered show
an increase in lattice constants and interatomic distances, as well as a decrease in the band gap from 2.4 to 0 eV. Upon
transition from the bulk material to a single monolayer, the structural parameters remain practically unchanged. There
is a proportional increase in the energy gap, whereby SnTe, becomes a narrow-gap semiconductor with a band gap of 0.17 eV.
The most interesting compound according to a practical use is tin diselenide SnSe, due to the band gap (1.0-1.5 eV) and
the absorption coefficient near the absorption edge more than 10° cm™ that are appropriate for photovoltaics. Ternary tin
dichalcogenides are also of great interest as the variation of the chemical composition of the latter allows modifying
the electronic structure and the optical properties in a wide range.

Keywords: tin dichalcogenides, band structure, band gap, absorption coefficient, solar cell.
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ILJIASMOHHBI PE3OHAHC B IINTAHAPHBIX CJIOUCThIX HAHOCTPYKTYPAX
CEPEBPO-OTAJIOIMAHUH HUKEJIS

M3yueHsl ciekTpaibHble CBOWCTBA TOHKUX IIeHOK (ranounannna Hukens (NiPc) n cepebpa (Ag), moiaydeHHBIX TEPMU-
YEeCKMM OCaXJCHHEM B BaKyyMe Ha CTEKJIIHHBIE M KBapleBble noaiaoxku (IT), a Takxke ruiaHapHBIX THOPUIHBIX HAHOCTPYK-
Typ, B KOTOPBIX HAHOMETPOBBIC IUICHKN OPraHUYECKOT0 MOJIYNPOBOJHUKA KOHTAKTUPYIOT C OCTPOBKOBBIMH CTPYKTYpaMH
cepebpa. VccnenoBansl aBe KOHOUI'YpanWy IUTAHAPHBIX TMOPHIHBIX HAHOCTPYKTYP — MOHOCIOH HaHOYacTHIl cepebpa
oz TieHko# ¢ranonuannHa Hukens (I1/Ag/NiPc) u MoHOCTOM HaHOUACTHII cepedpa Hal IUIEHKON (TalonnaHMHA HUKEIS
(IT/NiPc/Ag). Tonmmua mieHok NiPc usmensuiace ot 10 mo 30 HM. [loBepXHOCTHasi IUIOTHOCTh METallla COCTABIIsIA
~ 2-10"%r/cm?.- C HOMOIIBIO CKAHUPYIOIIET0 30H10BOro MuKkpockorna Solver P47-PRO B MoJyKOHTaKTHOM PEKHUME U3ydeHa
CTPYKTypa HCCIEAYEMBIX HAHOCTPYKTYp. ONTHdecKkne CreKTPhI 3alUCHIBAINCH Ha crekTpodoromerpe Cary 500. YcraHOB-
JIEHO, YTO MPUCYTCTBHE HAHOUACTHIl Ag Hanbosee 3HAYUTEIbHO ycuauBaeT 3(dextuBHOoe nornonienne mieHkn NiPc toi-
muHO# ~ 10 HM B 06JaCTH 3JIEKTPOHHBIX Noioc noraomeHus A ~ 600—700 um. lanHbri 3 dekT mposiBiseTcs 3a CUeT CIHo-
COOHOCTH TJIA3MOHHBIX HAHOYACTHI] yCHUIMBATH JIOKAJIBHOE MOJIe BOIU3U CBOEH MOBEPXHOCTH HA PACCTOSHUSX, CPABHUMBIX
¢ pa3MepamMu HaHodacTHIl. KonnuecTBeHHBIE OIIEHKM MOKA3al, YTO HAJIMYHe HAHOYACTUI[ Ag NMPHBOAUT K YBETHUCHUIO
OINTUYECKOH MIOTHOCTH HA JUIMHE BOJHBI A = 625 HM s Hanoctpyktyp I1/Ag/NiPc u I1/NiPc/Ag coorBeTcTBeHHO Ha 25
u 33 %. IIpennonaraercsi, YTO 3aBUCUMOCTb BEJIUYHUHBI A3P(YEKTUBHOrO MoriomeHus mieHkn NiPc oT KOHCTpyKIUU rud-
PHJIHOH CHCTEMBI MOXET OBITh CBsI3aHA C OCOOCHHOCTSIMH (POPMHUPOBAHUS HAHOCTPYKTYP B IIPOLECCE TEPMHYECKOTO
OCaXKJICHHUS.

Kniouesvle cnosa: HAHOCTPYKTYPA, IMIa3MOHHBIH PE30HAHC, OPTraHWYECKHUH ITOIYTIPOBOJHHK, OJI0CA ITOTJIONICHUSI.
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PLASMON RESONANSE IN THE PLANAR LAYERED SILVER-NICKEL
PHTHALOCYANINE NANOSTRUCTURES

Spectral properties of nickel phthalocyanine (NiPc) and silver (Ag) thin films, as well as of planar hybrid nanostructures
composed of organic semiconductor nanometer films contacting with silver island structures were studied. All nanostructures
were fabricated by thermal vacuum evaporation on glass and quartz substrates (S). Two configurations of planar hybrid nano-
structures were investigated, in which the silver nanoparticle monolayer was placed under the NiPc film (S/Ag/NiPc) and over
the NiPc film (S/NiPc/Ag). The NiPc film thickness was changed from 10 to 30 nm. The silver surface density was about
2-10-° g/cm?. The surface structure of films was studied with the use of a scanning probe microscope “Solver P47 - PRO”
in the semi-contact regime. Optical spectra were recorded by a spectrophotomer “Cary 500”. The most significant increase
in the organic film absorption in a presence of Ag nanoparticles was observed for the NiPc film thickness of 10 nm over
the spectral range of electronic absorption bands A ~ 600—700 nm. The effect is due to the local field strengthening near
the plasmonic nanoparticles surface for distances compared with nanoparticle sizes. Quantitative regards showed that for
the nanostructures of S/Ag/NiPc and S/NiPc/Ag the existence of Ag nanoparticles leads to an increase in the optical density
at the wavelength A = 625 nm at 25 and 33 %, respectively. We suppose that the dependence of the NiPc film effective absorp-
tion on the hybrid nanostructure configuration may be related to the features of the nanostructure formation in the process
of thermal evaporation.

Keywords: nanostructure, plasmon resonance, organic semiconductor, absorption band.
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ON OPTIMIZATION OF PROCESSES FOR SEQUENTIAL BATCH MACHINING

A problem of optimal design of processes of sequential machining of multiple parts on rotary table machines is con-
sidered. Batches are processed in a given sequence. Parts of the same batch are located at the working positions of rotary table
and are machined simultaneously. Operations are divided into groups which are performed by spindle heads or by turrets.
Constraints on the design of spindle heads, turrets, and working positions, as well as on the order of operations are given.
The problem is to minimize the estimated cost of machine equipment while reaching a given output. The proposed method
to solve the problem is based on its formulation in terms of mixed integer linear programming. Computational results are reported.

Keywords: rotary table machine, optimization, sequential batch machining.
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K OIITMHA3AIINA TPOIECCOB MOCJEJTOBATEJIBHON OFPABOTKH IMTAPTUM JTETAJEN

PaccmarpuBaeTrcs 3a1aua ONTUMAaIBHOTO MPOSKTHPOBAHUS TIPOIIECCOB MOCIICAOBATEIEHOW 00pabOTKU MapTUii AeTaiei
Ha CTaHKax ¢ MOBOPOTHBIM cToJioM. [TocienoBarenbHOCTh 00pabOTKY MapThii 3a1ana. Jletanu oHoi U TOil ke mapThu ycra-
HaBIIMBAIOTCS HA pa00OYMX TO3UIUIX CTAaHKA U 00pabaThIBAIOTCS OMHOBPEMEHHO. MHOXECTBO TEXHOJIOTHMYECKHUX TIEPEXO0/I0B
IUU1s1 00pabOTKH BCEX JIeTaliei pa30uBacTCs Ha TPYIIIbI, KOTOPBIC BHITIOIHSIIOTCS C IOMOIIBIO IITTHHACIBHBIX WU PEBOJIBBEP-
HBIX TOJIOBOK. 3aJIaHbI OTPaHUYCHHUS, CBSI3aHHBIC C Pa30MEHUEM TIEPEXO/I0B IO IIMUH/CIBHBIM U PEBOJIBBEPHBIM T'OJIOBKAM,
pabo4mM MO3UIUSAM CTaHKa, a TaKKe MOPSIKOM BBITIONHEHUS MEPEXOA0B. 3ajadya 3aKJIF0YacTCsi B MUHUMU3ALUNA OICHKH
CTOMMOCTH 000pYIOBaHHSI CTAHKA MIPU 00CSCIICUCHUH 3aJaHHOW MTPOM3BOAUTENBHOCTH. [IpeaaraemMplii METO/ peIIeH s 3a-
JIa9¥ OCHOBaH Ha ee (POPMYyITHPOBKE B TEPMUHAX CMEIIAHHOTO HEIOYHUCICHHOTO JIMHEHHOr0 MporpaMMupoBanus. [IpuBo-
JISITCSI PE3YJIBTAThI BBIYHCIUTEIbHBIX KCIIEPHMEHTOB.

Kuniouesvle cosa: CTAaHOK € TOBOPOTHBIM CTOJIOM, ONITUMH3AIIHSI, TIOCIeI0BATeIbHAsT 00paboTKa NapTHii.
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HEOBXOJIUMBIE YCJIOBUA IJIsI CYIIECTBOBAHU A KJTACCUYECKUX PEIIEHAN
YPABHEHW I KOJIEBAHUI MTOJIYOI' PAHUYEHHOM CTPYHBI

Ecnn neopHoponHOe ypaBHEHHE KOJIeOaHHMH MOMyOrpaHUYEHHOH CTPYHBI UMEET HEKOTOPOEe KIIACCHYECKOE pEIIeHHe
B TEPBOIl YeTBEPTH TJIOCKOCTH, TO MpaBas 4acTh 3TOTO ypaBHEHUs OUYEBHAHO HEMpephiBHA. B paboTe moka3biBaeTCs, UTO
B 3TOM Clly4ae CliellMaIbHbII HHTErpall OT 3TOU NpaBoOi YaCTH, KOTOPBIH ABIAETCS UL 000OIEHHBIM PEIlIeHHEM HEOJHO-
POJIHOTO ypaBHEHHUs KOJIeOAHHIi MOJyOorpaHNYEHHOI CTPYHBI, UMEET BTOPbIC HEIPEPbIBHBIC IPOU3BOAHBIC U, CIICIOBATEIIb-
HO, SIBJIICTCS €T0 KJIACCHYECKHM pelieHHeM. DT0 0000IeHHOE pelIeHHe OTINYAETCs OT H3BECTHOr0 0000IIEHHOT0 PEICHU ST
JTAHHOT'O YPaBHEHUsI B BEpXHEH M0JIyIIJIOCKOCTH HAJIMYUEM MOAYJIS OT HPOCTPAHCTBEHHOM IIEPEMEHHOM B IOJBIHTEI PAJIBHON
(YHKIIMH, KOTOPOH SIBIISIETCS] HEIIpephIBHAS ITPaBast YacTh ypaBHEeHNUs. Jloka3aHHOE YTBEP)KICHUE MOKHO MCIOIB30BATh IS
BEISIBJIEHUSI COOTBETCTBYIOIINX HEOOXOAMMEIX TPeOOBaHMH INIAAKOCTH HA MPABYIO YacTh YPAaBHEHHS KOJICOAHUIl CTPYHBI
IS CylIeCTBOBAHUS KJIACCUUECKUX PEIICHUH pa3au4HbIX CMEIIAHHBIX 3aa4aX B YCTBEPTH U [1OJIYyIOJI0CE IIIOCKOCTH.

Kniouesvie crosa: HEOTHOPOIHOE ypaBHEHHE KOJIeOaHUH CTPYHBI, KIIACCHUECKOE pelieHne, 0000IeHHOe pelIeHne, He-
obxozxnMoe TpeboBaHUEe T IKOCTH.
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NECESSARY CONDITIONS FOR EXISTENCE OF CLASSICAL SOLUTIONS
TO THE EQUATION OF SEMI-BOUNDED STRING VIBRATION

If the inhomogeneous equation of semi-bounded string vibration is a classical solution in the first quadrant, then the right-
hand side of this equation is obviously continuous. We prove that in this case, a special integral of this right-hand side, which
is a generalized solution of the inhomogeneous equation for semi-bounded string vibration, has continuous second derivatives
and it is therefore a classical solution. This generalized solution differs from the known generalized solution of this equation
in the presence of the upper half of the module of the spatial variable in the integrand, which is a continuous right-hand side of
the equation. This assertion can be used to identify the corresponding necessary smoothness requirements on the right-hand
side of the equation for string vibration for the existence of classical solutions of different mixed problems in the quarter and
the half-plane.

Keywords: inhomogeneous equation of string vibration, classical solution, generalized solution, necessary smoothness
requirement.





